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Abstract. We prove the K- and L-theoretic Farrell- Jones Conjecture (with 
coefRcients in additive categories) for GLnili). 



Introduction 

The Farrell- Jones Conjecture predicts a formula for the K- and L-theory of group 
rings R[G\ . This formula describes these groups in terms of group homology and K- 
and L-theory of group rings RV ^ where V varies over the family VCyc of virtually 
cyclic subgroups of G. 

Main Theorem. Both the K -theoretic and the L-theoretic Farrell-Jones Conjec- 
ture (see Definition \0.1\ and \0.2\) hold for GLn{'L). 

We will generalize this theorem in the General Theorem below. In particular it 
also holds for arithmetic groups defined over number fields, compare Example 10. 4L 
and extends to the more general version "with wreath products" . 

For cocompact lattices in almost connected Lie groups this result holds by 
Bartels-Farrell-Liick [IJ. The lattice G'L„(Z) has finite covolume but is not co- 
compact. It is a long standing question whether the Baum-Connes Conjecture 
holds for GL„(Z). 

For torsionfree discrete subgroups of G'L,i(R), or more generally, for fundamental 
groups of A-regular complete connected non-positive curved Riemannian manifolds, 
the Farrell-Jones Conjecture with coefficients in Z has been proven by Farrell- 
Jones [Ti] , 

The formulation of the Farrell-Jones Conjecture. 

Definition 0.1 (/^-theoretic FJC). Let G be a group and let be a family of 
subgroups. Then G satisfies the K -theoretic Farrell-Jones Conjecture with respect 
to T if for any additive G-category A the assembly map 

Hf^{Er{G)-\^A) ^ i^„^(pt;K^) = A'„ {j^A) 

induced by the projection Ejr{G) — pt is bijective for all n S Z. If this map 
is bijective for all n < and surjective for n = 1, then we say G satisfies the 
K-theoretic Farrell-Jones Conjecture up to dimension 1 with respect to J- . 

If the family T is not mentioned, it is by default the family VCyc of virtually 
cyclic subgroups. 

If one chooses A to be (a skeleton of) the category of finitely generated free 
i?-modules with trivial G-action, then A„ (J^^) is just the algebraic A-theory 
A„(AG) of the group ring RG. 

If G is torsionfree, A is a regular ring, and J- is VCyc, then the claim boils down to 
a more familiar statement, namely, that the classical assembly map A„(i?G; K^) — ^ 
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Kn{RG) from the homology theory associated to the (non-connective) algebraic 
ii'-theory spectrum of R applied to the classifying space BG of G to the algebraic 
ii'-theory of RG is a bijection. If we restrict further to the case R — Z and n < 1, 
then this implies the vanishing of the Whitehead group Wh(G') of G, of the reduced 
projective class group Ko{'ZG), and of all negative if-groups Kn{ZG) for n < — 1. 

Definition 0.2 (L-theoretic FJC). Let G be a group and let be a family of 
subgroups. Then G satisfies the L-theoretic Farrell- Jones Conjecture with respect 
to J- if for any additive G-category with involution A the assembly map 

H'^{EAG)-.l.^r^) ^ i7,?(pt;L^,— >) ^ ii^ > (/^^) 

induced by the projection Ejr[G) — > pt is bijective for all n e Z. 

If the family J- is not mentioned, it is by default the family VCyc of virtually 
cyclic subgroups. 

Given a group G, a family of subgroups is a collection of subgroups of G that 
is closed under conjugation and taking subgroups. For the notion of a classifying 
space Ejr{G) for a family J- we refer for instance to the survey article i2Q^. 

The natural choice for F in the Farrell- Jones Conjecture is the family VCyc of 
virtually cyclic subgroups but for inductive arguments it is useful to consider other 
families as well. 

Remark 0.3 (Relevance of the additive categories as coefficients). The versions of 
the Farrell- Jones Conjecture appearing in Definition 10.11 and Definition 10.21 are for- 
mulated and analyzed in [2], [7]. They encompass the versions for group rings RG 
over arbitrary rings i?, where one can built in a twisting into the group ring or treat 
more generally crossed product rings R*G and one can allow orientation homomor- 
phisms w: G ^ {il} in the L-theory case. Moreover, inheritance properties, e.g., 
passing to subgroups, finite products, finite free products, and directed colimits, 
are built in and one does not have to pass to fibered versions anymore. 

The original source for the (Fibered) Farrell- Jones Conjecture is the paper by 
Farrell- Jones [13l 1.6 on p. 257 and 1.7 on p. 262]. For more information about the 
Farrell- Jones Conjecture, its relevance and its various applications to prominent 
conjectures due to Bass, Borel, Kaplansky, Novikov and Serre, we refer to [51 [^. 

We will often abbreviate Farrell- Jones Conjecture to FJC. 

Extension to more general rings and groups. We will see that it is not hard 
to generalize the Main Theorem as follows. 

General Theorem. Let R be a ring whose underlying abelian group is finitely 
generated. Let G be a group which is commensurable to a subgroup of GL„(i?) for 
some natural number n. 

Then G satisfies both the K -theoretic and the L-theoretic Farrell- Jones Conjec- 
ture with wreath vroducts \6. 1\ 

Two groups Gi and G2 are called commensurable if they contain subgroups 
G'l C Gi and G'2 C G2 of finite index such that G[ and G'2 are isomorphic. In 
this case Gi satisfies the FJC with wreath products if and only if G2 does, see 
Remark 16.21 

Example 0.4 (Ring of integers). Let K be an algebraic number field and Ok be 
its ring of integers. Then Ok considered as abelian group is finitely generated free 
(see [221 Chapter I, Proposition 2.10 on p. 12]). Hence by the General Theorem 
any group G which is commensurable to a subgroup of GLji^Ok) for some natural 
number n satisfies both the if-theoretic and L-theoretic FJC with wreath products. 
This includes in particular arithmetic groups over number fields. 
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Discussion of the proof. The proof of the FJC for GL„(Z) will use the transi- 
tivity principle [131 Theorem A. 10], that we recall here. 

Proposition 0.5 (Transitivity principle). Let J- <Z % be families of subgroups of 
G. Assume that G satisfies the FJC with respect to % and that each H Cz H satisfies 
the FJC with respect to J- . 

Then G satisfies the FJC with respect to J- . 

This principle applies to all versions of the FJC discussed above. In this form it 
can be found for example in [1] Theorem 1.11]. 

The main step in proving the FJC for G'L„(Z) is to prove that GL„(Z) satisfies 
the FJC with respect to a family Tn. This family is defined at the beginning of 
Section [31 This family is larger than VCyc and contains for example CL^ (Z) for 
k < n. We can then use induction on n to prove that every group from J-„ satisfies 
the FJC. At this point we also use the fact that virtually poly-cyclic groups satisfy 
the FJC. 

To prove that GL„(Z) satisfies the FJC with respect to J-n we will apply two 
results from [11[21|. Originally these results were used to prove that CAT(0)-groups 
satisfy the FJC. Checking that they are applicable to Gi„(Z) is more difficult. 
While GL„(Z) is not a CAT(0)-group, it does act on a CAT(0)-space X. This 
action is proper and isometric, but not cocompact. Our main technical step is to 
show that the flow space associated to this CAT(0)-space admits long J-n-covers at 
infinity, compare Definition 13.71 

In Section [1] we analyze the CAT(0)-space X. On it we introduce, following 
Grayson [16 , certain volume functions and analyze them from a metric point of 
view. These functions will be used to cut off a suitable well-chosen neighborhood of 
infinity so that the GL„ (Z)-action on the complement is cocompact. In Section [2] 
we study sublattices in Z". This will be needed to find the neighborhood of infinity 
mentioned above. Here we prove a for us crucial estimate in Lemma 12.31 

As outlined this proof works best for the iiT-theoretic FJC up to dimension 1; this 
case is contained in Section [31 The modifications needed for the full if-theoretic 
FJC are discussed in Section [H and use results of Wegner [M] , 

For L-theory the induction does not work quite as smooth. The appearance of 
index 2 overgroups in the statement of [4, Theorem 1.1 (ii)] force us to use a stronger 
induction hypothesis: we need to assume that finite overgroups of GLfc(Z), k < n 
satisfy the FJC. (It would be enough to consider overgroups of index 2, but this 
seems not to simplify the argument.) A good formalism to accommodate this is the 
FJC with wreath products (which implies the FJC). In Section [5l we provide the 
necessary extensions of the results from [3] for this version of the FJC. In Section [SI 
we then prove the i-theoretic FJC with wreath products for GL„(Z). 

In Section [3 we give the proof of the General Theorem. 

Acknowledgements. We are grateful to Dan Grayson for fruitful discussions 
about his paper [16 . We also thank Enrico Leuzinger for answering related ques- 
tions. 

The work was financially supported by SFB 878 Groups, Geometry and Actions 
in Miinster, the HCM (Hausdorff Center for Mathematics) in Bonn, and the Leibniz- 
Preis of the second author. Parts of the paper were developed during the Trimester 
Program Rigidity at the HIM (Hausdorff Research Institute for Mathematics) in 
Bonn in the fall of 2009. 

1. The space of inner products and the volume function 

Throughout this section let V be an n-dimensional real vector space. Let X{V) 
be the set of all inner products on V. We want to examine the smooth manifold 
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X(y) and equip it with an aut(V^)-invariant complete Riemannian metric with 
non-positive sectional curvature. With respect to this structure we will examine a 

certain volume function. We try to keep all definitions as intrinsic as possible and 
then afterward discuss what happens after choices of extra structures such as bases. 

1.1. The space of inner products. We can equip V with the structure of a 
smooth manifold by requiring that any linear isomorphism V M" is a diffeo- 
morphism with respect to the standard smooth structure on K". In particular V 
carries a preferred structure of a (metrizable) topological space and we can talk 
about limits of sequences in V. We obtain a canonical trivialization of the tangent 
bundle TV 

(1.1) (pv-VxV TV 

which sends {x,v) to the tangent vector in T.,.V represented by the smooth path 
M— >-y, t i-^ X + t ■ V. The inverse sends the tangent vector in TV represented by a 
path w: (— e, e) V to {w{0),iu' {0)). If f: V ^ W is a linear map, the following 
diagram commutes 

VxV^^TV 



fxf 



Tf 



WxW TW 

Let hom(V,y*) be the real vector space of linear maps V ^ V* from V to 
the dual V* of V. In the sequel we will always identify V and (V*)* by the 
canonical isomorphism V — > (V*)* which sends v G V to the linear map V* — > 
M, a I— >■ a{v). Hence for s E hom{V, V*) its dual s* : {V*}* = V ^ V* belongs to 
hom(y, y*) again. Let Sym{V) C ]iom{V,V*) be the subvcctor space of elements 
s S ]iom{V,V*) satisfying s* = s. We can identify Sym{V) with the set of all 
bilinear symmetric pairings V x V M., namely, given s G Sym(V") we obtain such 
a pairing by {v,w) i-)- s{v){w). We will often write 

s{v, w) := s{v){w). 

Under the identification above the set X{V) of inner products on V becomes the 
open subset of Sym{V) consisting of those elements s G Sym(y ) for which .s : y — > 
V* is bijective and s{v,v) > holds for all v E V, or, equivalently, for which 
s{v,v) > holds for all v G V and we have s{v,v) = w = 0. In particular 
X{V) inherits from the vector space Sym(y) the structure of a smooth manifold. 

Given a linear map / : y — >■ W, we obtain a linear map Sym(/) : Sym(Vy) — >■ 
Sym(y ) by sending s: W ^ W* to /* o s o /. A linear isomorphism / : y — )■ 
W induces a bijection X{f): X{W) X{V). Obviously this is a contravariant 
functor, i.e., X{gof) = X{f)oX{g). If aut(y) is the group of linear automorphisms 
of y, we obtain a right aut(y)-action on Xiy). 

If / : y ^ ly is a linear map and sy and Sw are inner products on V and W, 
then the adjoint of / with respect to these inner products is Sy^ o /* o sw :W^V. 

Consider a natural number m < n := dim(y). There is a canonical isomorphism 

/3,„(y): A'"y* A (A™y)* 

which maps ai A a2 A . . . A am to the map A'"y — > K sending A A • • • A 
to J2aeS sign((T) • YliLi ai{v^(^i^). Let s: y — >• y* be an inner product on V. We 
obtain an inner product A^s on A™y by the composite 

A^s: A^y A^y* ^"'^'^^ (A^y)*. 
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One easily checks by a direct calculation for elements wi , U2 , • • • , , , t«2 , ■ • • , Wm 
in V 

(1.2) A'"^s{viA---Av„i,wiA---Aw,n) = det{{s{v,,Wj))ij), 

where {s{vi,Wj))ij is the obvious symmetric (m, TO)-matrix. 

Next we want to define a Riemannian metric g on X{V). Since X{V) is an 
open subset of Sym(l^) and we have a canonical trivialization 0sym(y) of T Sym(y) 
(see (jl.ip ). we have to define for every s e X{V) an inner product gs on Sym(V^). 
It is given by 

gs{u, v) :— tr(s^"'" o v o s^^ o u), 
for u,v Cz SymlV). Here tr denotes the trace of endomorphisms of V. Obviously 
gs{—, —) is bilinear and symmetric since the trace is linear and satisfies tr(a6) = 
tr(6a). Since s^^ o {s~^ o u)* o s = s"^ o u holds, the endomorphism ou: V ~> V 
is selfadjoint with respect to the inner product s. Hence tr(s^^ o u o s^^ o u) > 
holds and we have tr(s^^ouos^^ou) = if and only if s^^ou = 0, or, equivalently, 
u = 0. Hence gs is an inner product on Sym(y). We omit the proof that gs depends 
smoothly on s. Thus we obtain a Riemannian metric g on X(V). 

Lemma 1.3. The Riemannian metric on X is SLnt{V) -invariant. 

Proof. We have to show for an automorphism / : V — > y, an element s e X{V) 
and two elements u,ve TsX{V) = Ts Sym{V) ^ Sym{V) that 

9xifKs)iTsX{f){u),TsX{f){v)) = gs{u,v) 

holds. This follows from the following calculation: 

9xif)is)iTsX{f){u),TsX{f){v)) 

= tr (x(/)(s)-i o TsX{f ){v) o Xif ){s)-' o TsX{f ){u)) 

= tr ((/* o s o /)-! o (/* o w o /) o (/* o s o f)'^ o (/* o u o /)) 

= tr (r 1 o o (/*)-! o r o o / o /-I o o (/*)-! ofouoj) 

= tr (/ ""^ o s^^ o V o s^^ o M o /) 

= tr {s^^ o V o s^^ o uo f o f^^) 

= tr {s^^ o V o s^^ o uj 

= gs{u,v). 

□ 

Recall that so far we worked with the natural right action of aut(T^) on X{V). 
In the sequel we prefer to work with the corresponding left action obtained by 
precomposing with / i~> /^^ in order to match with standard notation, compare in 
particular diagram (|1.4I) below. 

Fix a base point sq S X{V). Choose a linear isomorphism R" ^ V which is 
isometric with respect to the standard inner product on R" and so- It induces an iso- 
morphism GLn{M.) ^ aut(V^) and thus a smooth left action p: GLn(R.) x X{V) — > 
X{V). Since for any two elements si,S2 € X{V) there exists an automorphism of 
V which is an isometry (V,si) — ^ (y, S2), this action is transitive. The stabilizer 
of So G X{V) is the compact subgroup 0{n) C ^^^^(R). Thus we obtain a diffeo- 
morphism (j): GL„(R)/0{n) ^ X{V). Define smooth maps p: X{V) R>°, s t-^ 
det(so ^os) and g: GL„(R)/0(n) ^ R>^ A- 0(n) H> det(A)2. Both maps are sub- 
mersions. In particular the preimages of 1 € R''° under p and g are submanifolds 
of codimension 1. Denote by X{V)i := p~^(l) and let i: X{V)i — > X{V) be the 
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inclusion. Set 5'L^(M) = {A e GL„(M) | det(A) = ±1}. The smooth left action 
p: GL„(R) X X{V) ^ X{V) restricts to an action pi : SL^{R) x X{V)i X{V)i. 
Since f*osQofe X{V)i implies 1 = det(s,7^ ° f* ° sq o f) ^ det(/)^ this action 
is still transitive. The stabilizer of sq is still 0{n) C SL^{R) and thus we obtain 
a diffeomorphism i/ii : SL^{R)/0{n) — X{V)i. Note that the inclusion induces a 
diffeomorphism 5'L„(M)/S'0(n) = SL^(M.)/0{n) but we prefer the right hand side 
because we are interested in the GL„ (Z)-action. The inclusion SL^ (R) GLn (K) 
induces an embedding j: SL^{S.)/0{n) ~f GLn{M.)/0(n) with image q ^(1). One 
easily checks that the following diagram commutes 

(1.4) X{V)i >1(F) >R>" 

id 

SL^,{M.)/0{n) — ^ GL„(M)/0(n) ^ > R>o 

Equip X{V)i with the Riemannian metric gi obtained from the Riemannian met- 
ric g on X{V). We conclude from Lemma Tl.BI that gi is S'L^(R)-invariant. Since 
S'L^(R) is a semisimple Lie group with finite center and 0{n) C S'L^(E) is a max- 
imal compact subgroup, X{V)i is a symmetric space of non-compact type and 
its sectional curvature is non-positive (see [121 Section 2.2 on p. 70],|TH1 Theo- 
rem 3.1 (ii) in V.3 on p. 241]). Alternatively [51 Chapter II, Theorem 10.39 on 
p. 318 and Lemma 10.52 on p. 324] show that X{V) and X{V)i are proper CAT(O) 
spaces. 

We call two elements si,S2 G equivalent if there exists r g R>° with 

r ■ si — S2- Denote by X{V) the set of equivalence classes under this equivalence 
relation. Let pr: X{V) — > X{V) be the projection and equip X{V) with the quo- 
tient topology. The composite proi: X{V)i — > X{V) is a homcomorphism. In 
the sequel we equip X{V) with the structure of a Riemannian manifold for which 
proi is an isometric diffeomorphism. In particular X{V) is a CAT(0)-space. The 
GLri (IR)-action on X{y) descends to an action on X{V) and the diffeomorphism 
proi is 5'L^(M)-cquivariant. 

1.2. The volume function. Fix an integer m with \ < m < n = dim(y). In this 
section we investigate the following volume function. 

Definition 1.5 (Volume function). Consider ^ e K"^V with ^ Q- Define the 
volume function associated to by 

vole:X(y)^R, v/(A™s)(C,C), 

i.e., the function volj sends an inner product s on V to the length of ^ with respect 
to A"s. 

Fix ^ ^ in \™V of the form = viAv2 ■ ■ ■ f\ Vm for the rest of this section. This 
means that the line {£,) lies in the image of the Pliicker embedding, compare [T71 
Chapter 1.5 p. 209-211]. Then there is precisely one m-dimensional subvector space 
Vl C V such that the image of the map A™V^ — A^V induced by the inclusion is 
the 1-dimensional subvector space spanned by ^. The subspace is the span of the 
vectors vi,V2,. ■ ■ , Vm- It can be expressed as = {u G V\v A ^ = 0}. This shows 
that depends on the line {£) but is independent of the choice of wi, . . . , Vm- 
Given an inner product s on V, we obtain an orthogonal decomposition V = 
® V^-'- of V with respect to s and we define G Sym{V) to be the element which 
satisfies s^{v + ,w + w^) = s{v, w) for all v,w G and w^, G V/*". 
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Theorem 1.6 (Gradient of the volume function). The gradient of the square vol| 
of the volume function vol^ is given for s G X{V) by 

V^(vol|) = vol^(s) • e Sym(y) = T,X{V). 

Proof. Let A be any (m, m)-matrix. Then 

(1.7) ^^det(/^ + ^.^)-det(/,„) ^ ^ 

This fohows because 

det(/„i +t- A) = l + t tr(A) mod 

by the Leibniz formula for the determinant. 

Consider s € X{V) and uG Ts{X{V)) = Sym{V). Notice that there exists e > 
such that s + t ■ u lies in X{V) for all t E (— e, e). Fix vi,V2, ■ ■ ■ ,Vm G V with 
^ — vi A ■ ■ ■ A Vrn- We compute using (|1.2p and (|1.7p 

vol?(s + < • ii) — vol?(s) 
lim — ^ S 

t-i-O t 

dct({{s + t ■ u){vi,Vj))i,j) - dct({s{vi,Vj))ij) 

= lim ^ — ^ 

t-i-O t 

det{{s{vi,Vj))ij + t- {u{vi,Vj))i^j) - det((s(?;i,Wj))ij) 



lim ■ 

t^o t 

III-JI I I,,, — (- / • I . SI 7;,- 77 

det((s(wi,Wj))ij) • lim 



det(/„ + i • {s{vi,Vj))^^ ■ {u{vi,Vj))i^j) - det(/„) 



t 

= det((s(ui,Wj))ij) ■tr((s(w»,Wj))i;j^ • {u{v,,Vj))^.j) . 

The gradient Vs(vol^) is uniquely determined by the property that for all u G 
Sym(V^) we have 

/ ,2x N ,. vol;(g + t-7/)-vol|(s) 
gs[Vs{yo\^),u) =lim — ^ ^ ^ . 

Hence it remains to show for every u € Sym(y) 

5s(vol|(s) ■s^,u) ^ det{{s{v^,Vj))ij) ■ tT{{s{vi,Vj))Yj ■ iu{vi,Vj))ij) . 

Since vol|(s) — det(^{s{vi,Vj))ij) by (jl.2p and gs{s^,u) = tr(s^-'^ o o s^-*^ o u) by 
definition, it remains to show 

tr(s"^ o s^o s^^ ou) = tT({s{vi,Vj))Yj ■ {u{vi,Vj))i,j). 

We obtain a decomposition s = for an inner product sj- : — > (V^"*^)*, 

where we will here and in the sequel identify (V^)* (V^)* and (V^ by the 

canonical isomorphism. We decompose 

for a linear map : V^j — V^* . One easily checks 

tr(s^"'" o o s^"'" o u) = tr(s^"'" o u^). 

The set {wi, W2, . . . , Wm} is a basis for Vj. Let {wi, ^2, • ■ • : '^m} be the dual basis of 
V^*. Then the matrix of with respect to these basis is {u{vi, Vj))i,j and the matrix 
of with respect to these basis is {s{vi, Vj))i,j. Hence the matrix of s^^ o : — 
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with respect to the basis {vi,V2, ■ ■ ■ Vm} is {s{vi,Vj))-^ ■ {u{vi,Vj))ij. This 
imphes 

tr(s^^ o uj) = tr{{s{vi,Vj))Yj ■ iu{v^,vj)),^j) . 
This finishes the proof of Theorem 11.61 □ 

Corollary 1.8. The gradient of the function 

lnovol|: X{V) M 

at s ^(V") is given by the tangent vector G TsX(V) ~ Sym(V^). In particular 
its norm with respect to the Riemannian metric g on X(y) is independent of s, 
namely, \fm. 

Proof. Since the derivative of ln(x) is x^^, the chain rule implies together with 
Theorem [Tel for s G X(y) 

V,(lnovol|) = V,(vol(0') • — ^ = vol|(s) • s^ ■ —J— = s^. 

vol^(s) vol^(s) 

We compute using the with respect to s orthogonal decomposition 1/ = © V^-'- 

(||Vs(lno vol|)||s)^ = (llsells)^ = = tr(s~^ o o o s^) 

= tr(idy^ ® 0: ® F^-^ -> ® V^) = dim(V^^) m. 

□ 



2. SUBLATTICES OF Z" 

A sublattice W of Z" is a Z-submodule W Cl/^ such that Z"/W^ is a projective 
Z-module. Equivalently, is a Z-submodule C Z" such that for x € Z" for 
which k ■ X belongs to W for some fc e Z, fc 7^ we have x S W. Let £ be the set 
of sublattices L of Z". 

Consider W G C. Let m be its rank as an abelian group. Let X^W A™Z" 
A™R" be the obvious map. Let £,{W) G A'"R" be the image of a generator of the 
infinite cyclic group A™W. We have defined the map volj(iy) ■ A(M") M. above. 
Obviously it does not change if we replace £,{W) by —£,{W). Hence it depends only 
on W and not on the choice of generator £,{W). Notice that for ly we have by 
definition A^W = Z and A°]R" = M and ^(V) is ±1 G M. In that case vol^ is the 
constant function with value 1. 

We will abbreviate 

X = A(M"), Xi = A(IR")i, X = A(M") and voW = yol^(w) for W e C. 
Given a chain Wq C Wi of elements Wq, Wi € C, we define a function 

cwoCVKi : AT — > M 

by 

ln(volvi/i(s)) - ln(voVo(s)) 
rkz(M^i) - rkziWo) 

Obviously this can be rewritten as 

1 /ln(voW,(s)2) -ln(voVo(s)2)\ 
cwocw. (^) - 2 • rk.(W^i)-rkz(W^o) ' 
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Hence we get for the norm of the gradient of this function at s ^ X 

W'^ s{cWoCWi) \ I 

(In o vol^^ ) - (In o vol^^ ) 



< 



< - 




rkz(VKi 
Vs (hi o vof 



2 ^ 



rkz(Wo) J 
+ ||Vs(hrovol^^ 



rkz(W^i)-rkz(W^o) 



Vs(lno vof 



2 ^ 



I Vs (in o vof 



2 ^ 
Wo) 



We conclude from CoroUarv lf .8l for all s S X. 



\^s(cWaCWij 



^ Vrkz(^i) + Vrkz(^o) ^ 

< n < Vn. 



ff / : Af — M is a differentiable function on a Riemannian manifold M and C = 
sup{||V:e/|| I X £ M} we always have 

l/(^i) - f{x2)\ < CdM{xi,X2), 
where cIm denotes the metric associated to the Riemannian metric. In particular 
we get for any two elements sq, si S X 

\cwoZWi{si) -cwoCwAsa)\ < y/n ■ dj^{so, si), 

where dj^ is the metric on X coming from the Riemannian metric g on X. Recall 
that the Riemannian metric gi on Xi is obtained by restricting the metric g. Let 
djj^ be the metric on Xi coming from the Riemannian metric gi on Xi. Recall 
that i: Xi X is the inclusion. Then we get for sq^si e Xi 

dx{i{so),i{si)) < djf^(so,si). 

Indeed Xi is a geodesic submanifold of X (O Chapter II, Lemma 10.52 on p. 324]). 
So both sides are even equal. We obtain for so,si G Xi 

(2.1) \cwoCWi ° iisi) -cwaCWi ° i{so)\ < Vn ■ dji^{so, si). 

Put 

£' = {W e C\W ^0,W ^Z"-}. 
Define for W E C functions 

cV: c'w : X — > M 

by 



sup{cwoCwix) \ Wo&C,WqCW}. 



In order to see that infimum and supremum exist we use the fact that for fixed 
X G X there are at most finitely many W E C with vo\w{x) < 1, compare [TBI 
Lemma 1.15]. Put 

(2.2) dw-X^R, X ^ exp(c\y{x) -c^^,{x)). 

Since Yolwir ■ s) = r'-'^zCiv) . voV(s) holds ior r e R>° , e C and s e X, we 
have cvKoCiyi(f ■ s) = cwoCWiis) + ln(r) and the function dw factorizes over the 
projection pv. X ^ X to a function 

dw - X ^R. 



10 ARTHUR BARTELS, WOLFGANG LUCK, HOLGER REICH, AND HENRIK RUPING 



Lemma 2.3. Consider x £ X , W E C , and a e M>". Then we get for all y E X 

with dx{x,y) < a 

dw{y) e [dw{x)/e'^'',dw{x) ■ e^^"]. 

Proof. By the definition of the structure of a smooth Riemannian manifold on X, 
it suffices to show for all sqj si G with d^^ (sq, si) < a 

dwisi) e [dw(sa)/e^^'',dw{so) ■ e'^"]. 
One concludes from (I2.ip for sq, si G Xi with d^^ (sqi si) < a and W £ C 

c^(si) e [c^(so) - • a,c^(so) + V" • a], 
cV(si) G [(?jy(so) - • a,?vi/(so) + V" • a]- 
Now the claim follows. □ 

In particular the function dw : X — > M is continuous. 
Define the following open subset of X for W £ C and t>l 

X{W,t) := {xeX\dw{x)>t}. 

There is an obvious GL„ (Z)-action on C and C and in the discussion following 
Lemma 11.31 we have already explained how GL„ (Z) C SLi^ (R) acts on Xi and 
hence on X (choosing the standard inner product on R" as the basepoint sq). 

Lemma 2.4. For any t > 1 we get: 

(i) X{gW, t) = gX{W, t) for g € GL^iZ), W G C ; 
(a) The complement of the GLn{'L)- invariant open subset 

\W{t)\:^ y X{W,t) 
wee 

in X is a cocompact GLn{'L)-set; 
(Hi) IfX{Wi,t) n xlw2,t) n • • • n X{Wk,t) ^ for W., G C, then we can find 
a permutation a EYik such that Wcr(i) ^ W^o-(2) ^ • • ■ ^ W^CT(fe) holds. 

Proof. This follows directly from Grayson [161 Lemma 2.1, Cor. 5.2] as soon as we 
have explained how our setup corresponds to the one of Grayson. 

We are only dealing with the case O = Z and _F = Q of [IS] . In particular there 
is only one archimedian place, namely, the absolute value on Q and for it Qoo = R- 
So an element s £ X corresponds to the structure of a lattice which we will denote 
by {7/\s) with underlying Z-module Z" in the sense of [Hj. Given s G X, an 
element W £ C defines a sublattice of the lattice (Z", s) in the sense of [TB] which 
we wiU denote by (Z", s) n W. The volume of a sublattice (Z", s) n W of (Z", s) in 
the sense of is volw(s). 

Given G we obtain a Q-subspace in the sense of [16l Definition 2.1] which 
we denote again by W , and vice versa. It remains to explain why our function dw 
of (|2.2p agrees with the function dw of [16, Definition 2.1] which is given by 

dw{s) = exp(^min((Z", s)/(Z", s) DW) - max((Z", s) D W)^ 

see [ini Definition 1.23, 1.9]. This holds by the following observation. 

Consider s G X and W G C . Consider the canonical plot and the canonical 
polygon of the lattice (Z",s) n in the sense of [ini Definition 1.10 and Discus- 
sion 1.16]. The slopes of the canonical polygon are strictly increasing when going 
from the left to the right because of [ini Corollary 1.30]. Hence max((Z", s) n W) 
in the sense of [TSl Definition 1.23] is the slope of the segment of the canonical 
polygon ending at (Z", s)nW. Consider any Wq G C with Wq C W. Obviously the 
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slope of the line joining the plot point of (Z", s) n Wo and (Z", s)r\W is less than 
or equal to the slope of the segment of the canonical polygon ending at (Z", s) n W. 
If (Z",s) n Wo happens to be the starting point of this segment, then this slope 
agrees with the slope of the segment of the canonical plot ending at (Z", s) W. 
Hence 

(2.5) max((Z",s)nM^) 

ln(voW(s)) - ln(voWo(s)) 



1 m/^ 1 fur \ WoeC,WoCW} ^ctvis) 

rkz(VF) - rkz(VPo) J 

We have the formula 

voi((Z", s) n W2) = voi((Z", s) n w) ■ voi((Z", s) n W2/(Z", s) n w) 

for any W2 G C with W C W2 (see [151 Lemma 1.8]). Hence 

ln(voW,(s)) - ln(voV(s)) _ Injvolw^ /wis)) 
rkz(VF2)-rkz(VF) ~ rkz{W2/W) 

There is an obvious bijection of the set of direct summands in 7/^/W and the set 
of direct summand in Z" containing W. Now analogously to the proof of (|2.5[) one 
shows 

(2.6) min((Z",s)/((Z",s)n W^)) 

Now the equality of the two versions for dw follows from (12. 5p and (|2.6p . This 
finishes the poof of Lemma 12.41 □ 



3. Transfer Reducibility of GLn{1) 

Let Fn be the family of those subgroups H of GLn{Z), which are virtually cyclic 
or for which there exists a finitely generated free abelian group P, natural numbers 
r and rii with nt < n and an extension of groups 

r 

1^ P ^ K ^Yl GLn,{I') 1 

i=l 

such that H is isomorphic to a subgroup of K . 

In this section we prove the following theorem, which by HJ Theorem 1.1] im- 
plies the i^T-theoretic FJC up to dimension 1 for GL„(Z) with respect to the family 
J-n- The notion of transfer reducibility has been introduced in [?J Definition 1.8]. 
Transfer reducibility asserts the existence of a compact space Z and certain equi- 
variant covers of GxZ . A slight modification of transfer reducibility is discussed in 
Section [5l see Definition 15.31 

Here our main work is to verify the conditions formulated in Definition 13.71 for 
our situation, see Lemma 13.81 Once this has been done the verification of transfer 
reducibility proceeds as in [3 , as is explained after Lemma [3.81 

Theorem 3.1. The group G'L„(Z) is transfer reducible over J-n- 

To prove this we will use the space X = X(M") and its subsets X{W, t) considered 
in Sections [T] and [21 

For a G-space X and a family of subgroups J^, a subset U C X is called an J^- 
subset if Gu ■■={geG\ g{U) = U} belongs to F and gUm = for all g G G\G,7. 
An open G-invariant cover consisting of J^-subsets is called an J-"-cover. 
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Lemma 3.2. Consider for t > 1 the collection of subsets of X 

W{t) = {X{W,t) I W G £'}. 

It is a GLn(lj)- invariant set of open J-n-subsets of X whose covering dimension is 
less or equal to (n — 2). 

Proof. The set yV(t) is GLn (Z)-invariant because of Lemma 12. 4j(i)| and its covering 
dimension is bounded by {n ~ 2) because of Lemma [2 .4|| (iii) | since for any chain of 
sublattices {0} C Wo C M^i C • • • C C Z" of Z" we have r < n - 2. 

It remains to show that W(t) consists of J'n-subsets. Consider W ^ L' and 
g E GL„(Z). Lemma [23] imphes: 

X{W, t) n gX{W, i) ^ ^ X{W, t) n X{gW, t)^^-^ gW ^ W. 

Put GLn{1)w = {5 e GL„(Z) I gW = W). Choose V d 17^ with W ®V ^ Z". 
Under this identification every element (f) E GL„(Z)vi/ is of the shape 

f 4>w <t>v.w\ 
V ct^v j 

for Z- automorphism <j)v of V , <f)w of W and a Z-homomorphism (pv.w ■ V ^ W . 
Define 

p: GL„(Z)^ autz(W) x autz(y), (^^^ '^^^] ^ {(j^wAv) 

and 

i: homz(V,Ty) ^ GL„(Z)m., ^ 
Then wc obtain an exact sequence of groups 

1 ^ homz(V", W) A GL„(Z)vi/ ^ autz(T^) x autz(T/) ^ 1, 

where homz(y, W) is the abehan group given by the obvious addition. Since both 
V and W are different from Z", we get autz(y) = GL„(v/)(Z) and autz(W) = 
GLn[w){'^) for n(y),n(T/F) < n. Hence each element in 'W{t) is an J>i-subset with 
respect to the GL„(Z)-action. □ 

For a subset A of a metric space X and a £ M^'^ we denote by 
Ba{A) {x £ X \ dx{x,a) < a for some a £ A}. 
the a-neighborhood of A. 

Lemma 3.3. For every a > and t > 1 there exists (3 > such that for every 
W £C we have B„ (X(W, t + /?)) C X{W,t). 

Proof. This follows from Lemma [2.31 if we choose /? > (e^^" — 1) ■ t. □ 

Let FS{X) be the flow space associated to the CAT(0)-space X = in [3l 

Section 2]. It consists of generalized geodesies, i.e., a continuous maps c: M — >• X 
for which there is a closed subinterval / of K such that c|/ is a geodesic and c\^\j 
is locally constant. The flow $ on FS{X) is defined by the formula ($T-(c))(i) = 

c{T + t). 

Lemma3.4. Consider S,t > and c £ FS{X). Then we get for d £ Bs[^[-t.t]{c)) 

dx{d{Q),c{0)) <4 + S + T. 



/idw ^ \ 
\ idv) ■ 
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Proof. Choose s e [— t, t] with dps{x){dj^s{c)) < S. We estimate using [31 
Lemma 1.4 (i)] and a special case of (31 Lemma 1.3] 

dx{d{0),c{0)) < dx(d(0),$s(c)(0)) +dx(*.(c)(0),c(0)) 

< dpsix) {d, $s(c)) + 2 + dpsix) (*s(c), c) + 2 

< 5 + 2+ |s| + 2 < 4 + (5 + r. 

□ 

Let evQ-. FS{X) — X, c i— >■ c(0) be the evaluation map at 0. It is GLn{1)- 
equi variant, uniform continuous and proper 3, Lemma 1.10]. Define subsets of 
FS[X) by 

Y{W,t) := evQ^{X{W,t)) for t>l,Wc,C\ 
and set V[t) := {Y{W,t) | G £'}, \V{t)\ V}y,^y,Y {W,t) C 

Lemma 3.5. Let r, (5 > and < > 1 and set a :— A + 6 + t. If /3 > is such that 
for every W & C we have Ba{X{W,t + /?)) C X{W,t) then the following holds 
(i) The set V(t) is GLn{'L)- invariant; 

(a) Each element in V{t) is an open J-n-subset with respect to the GLn{Z,)- 
action; 

(Hi) The dimension ofV{t) is less or equal to (n — 2); 

(iv) The complement of\V{t + /3)\ in FS{X) is a cocompact GLn{Z)-subspace. 

(v) For every c G |V(i + there exists W G C with 

Bs{<S>[-r,r]{c)) CY{W,t). 



The existence of a suitable (3 is the assertion of Lemma 13.31 
Proof. (TJI (ii) and (iii) fohow from Lemma [3.21 since evo is G'i/„(Z)-equivariant. 



|(iv)| foUows from Lemma [2.41 (ii) since the map cvq: FS{X) X is proper and 

eVp 



[X~\Wit + l3)\) ^FSiX)-\Vit + /3)\ 



For [(^consider e € |Vft + Choose S £' with c e Y{W,t + P). Then c(0) € 
X{W,t + P). Consider d e Bs{^[^r,T]{c)) . Lemma 15^ imphes dx{d{0),c{0)) < a. 
Hence d{0) G B„(c(0)). We conclude d(0) S Bc,{X{W,t + 13))). This implies 
rf(0) e X{W,t) and hence d e Y{W,t). This shows Bs{<i>[-r..r]ic)) ^ Y{W,t). □ 

Let FS<^{X) be the subspace of FS{X) of those generalized geodesies c for 
which there exists for every e > a number re (0, 7 + e] and g & G such that 
g ■ c = <&r(c) holds. As an instance of [31 Theorem 4.2] we obtain the following in 
our situation. 

Theorem 3.6. Let L Q X be a compact subset. Then there is a natural number M 
such that for every j > there exists a GLn{Z) -invariant collection U of subsets of 
FS{X) satisfying: 

(i) Each element U (£U is an open VCyc-subset of the GLn{'Z)-space FS{X); 
(ii) We have dimU < M ; 

(iii) There is e > with the following property: for c G FS<j{X) such that 
c{t) e GLn{Z) ■ L for some t eR there isU eU such that B^{^[_j^^]{c)) C 
U. 

Definition 3.7 ([31 Definition 5.5] ). Let G be a group, be a family of subgroups 
of G, {FS , dps) be a locally compact metric space with a proper isometric G-action 
and $ : i^S" X M ^- f 5 be a flow. 

We say that FS admits long J- -covers at infinity and at periodic flow lines if the 
following holds: 

There is > such that for every 7 > there is a G-invariant collection of 
open J^-subscts V of FS and e > satisfying: 
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(i) dimV < N; 

(ii) there is a compact subset K C FS such that 

(a) FS'<^ n G • X = 0; 

(b) ioT ze FS -G-K there is ^ e V such that B,{<i>[^^^^]{z)) C V. 

We remark that it is natural to think of this definition as requiring two conditions, 
the first deahng with everything outside some cocompact subset ("at infinity") 
and the second deahng with (short) periodic orbits of the fiow that meet a given 
cocompact subsets ("at periodic flow hues"). In proving that this condition is 
satisfied in our situation in the next lemma we deal with these conditions separately. 
For the first condition we use the sets Y{W, t) introduced earlier; for the second the 
theorem cited above. 

Lemma 3.8. The flow space FS{X) admits long J-n-covers at infinity and at pe- 
riodic flow lines. 

Proof. Fix 7 > 0. Choose t > 1. Put S := 1 and r 7. Let /? > be the number 
appearing in Lemma l3.5l Since by Lemma I2.4j(ii)| the complement of |yV(i + /3)| in 
X is cocompact, we can find a compact subset L of this complement such that 

GK{Z)-L^X\\W{t + l3)\. 

For this compact subset L we obtain a natural number M, a real number e > and 
a set U of subsets of FS{X) from Theorem 13.61 We can arrange that e < 1. 

Consider V :— U U V{t), where V(i) is the collection of open subsets defined 
before Lemma 13.51 We want to show that V satisfies the conditions appearing in 
Definition 13.71 with respect to the number N := AI + n — 1. 



Since the covering dimension of U is less or equal to M by Theorem 13. 61 (ii) and 



the covering dimension of V(t) is less or equal to n — 2 by Lemma 13.51 (iii) the 
covering dimension oiU U V{t) is less or equal to N. 



Since U and V(t) are GL„ (Z)-invariant by Theorem 13.61 and Lemma 13.51 (i) 
U UV{t) is GL„ (Z)-invariant. 

Since each element ofU is an open VCyc-set by Theorem l3.6j(i)| and each element 
ofV{t) is an open J>i-subset by Lemma l3.5j(ii)[ each element of V(i) is an open 
.7>j-subset, as VCyc c J^n- Define 

S ■.= {ce FS{X) I 3Z eUUV{t) with Be(*[-7,7](c)) C Z}. 

This set 5 contains f5'(X)<^U|V(t+;3)| by the following argument. IfcG |V(t+/3)|, 
thence 5 by Lemma[H3ltv)} IfcS FS{X)<^ and c ^ |V(i+/3)|, then c € FS{X)<^ 



and c(0) € GL„(Z) • L and hence c € 5 by Theorem l3.6l (iii) 

The subset S C FS{X) is GL„(Z)-invariant because Z^UV(i) is GL„(Z)-invariant. 

Next we prove that S is open. Assume that this is not the case. Then there exists 
c G S and a sequence (cfc)A;>i of elements in FS{X) — S such that dFs{x){c,Ck) < 
1/k holds for fc > 1. Choose Z e U U V{t) with Be(*[-7,7](c)) C Z. Since 
FS{X) is proper as metric space by jSj Proposition 1.9] and Be ($[_^ ,y] (c)) has 
bounded diameter, ,y](c)) is compact. Hence we can find fi > with 

,.y](c)) C Z. We conclude from [3J Lemma 1.3] for all s G [—7,7] 

dpsix) ($.(c), $s(cfc)) < el'l • dps^x) (c, Ck) < • 1/fc. 
Hence we get for fc > 1 

^4*h7,7](Cfc)) C S,+e..i/fc($[_^,-y](c)) 

Since Ck does not belong to S, we conclude that i3j+eT.i/fc(<l'[_..y.^](c)) is not con- 
tained in Z. This implies e"^ • 1/fc > /i for all fc > 1, a contradiction. 



The GL„(Z)-set FS{X) - \V{t + /3)| is cocompact by Lemma [S3] (iv) Since 



S is an open GL„ (Z)-subset of FS{X) and contains \V{t + /3)|, the GL„(Z)-set 
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FS{X) — S is cocompact. Hence we can find a compact subset K C FS{X) — S 
satisfying 

GLn{Z)-K = FS{X)-S. 
Obviousfy F5(X)<^ n GL„(Z) -K = $. □ 

Proof of Theorem \3.1\ The group GL„(Z) and the associated flow space FS{X) 
satisfy Convention 5.1] by the argument of [3, Section 6.2]. Notice that in [31 
Convention 5.1] it is not required that the action is cocompact. The argument 
of [3l Section 6.2] sliowing that there is a constant ka such that the order of any 
finite subgroup of G is bounded by kc uses that the action is cocompact. But such 
a number exists for GL„(Z) as well, since GL„(Z) is virtually torsionfree (see [HI 
Exercise II. 3 on p. 41]). 

Because of [JJ Proposition 5.11] it suffices to show that FS{X) admits long J^„- 
covers at infinity and at periodic flow lines in the sense of Definition 13 . 71 and admits 
contracting transfers in the sense of p| Deflnition 5.9]. For the flrst condition this 
has been done in Lemma l3.81 while the second condition follows from the argument 
given in 3, Section 6.4]. □ 

Proposition 3.9. The K -theoretic FJC up to dimension 1 holds for GLn{'^). 

Proof. We proceed by in induction over n. As GLi(Z) is finite, the induction 
beginning is trivial. 

Since GL„(Z) is transfer reducible over Fn by Theorem 13.11 it follows from [H 
Theorem 1.1] that GL„(Z) satisfies the i^-theoretic FJC up to dimension 1 with 
respect to J-n- It remains to replace Tn by the family VCyc. Because of the 
Transitivity Principle 10.51 it suffices to show that each H € J^n satisfies the FJC 
up to dimension 1 (with respect to VCyc). Combining the induction assumption 
for GL/c(Z), k < n with well known inheritance properties for direct products, 
exact sequences of groups and subgroups (see for example 1, Theorem 1.10, Corol- 
lary 1.13, Theorem 1.9]) it is easy to reduce the i^T-theoretic FJC up to dimension 1 
for members of J>i to the class of virtually poly-cyclic groups. Finally, for virtually 
poly-cyclic groups the FJC holds by [1,- D 

4. Strong Transfer Reducibility of GL„(Z) 

In this section we will discuss the modifications needed to extend Proposition l3.9l 
to higher X-theory. The necessary tools for this extension have been developed by 
Wegner P) . 

Theorem 4.1. The group GL„(Z) is strongly transfer reducible over J-n in the 
sense of [24l Definition 3.1]. 

Wegner proves in [211 Theorem 3.4] that CAT(0)-groups are strongly transfer 
reducible over VCyc. As GL„(Z) does not act cocompactly on X, we cannot use 
Wegner's result directly. However, in combination with Lemma 13.81 his method 
yields a proof of Theorem 14.11 

Proof of Theorem \4-l\ The only place where Wegner uses cocompactness of the 
action is when he verifies the assumptions of [31 Theorem 5.7], see [231 Proof of 
Theorem 3.4]. 

We know by Lemma 13.81 that FS{X) admits long J>,-covers at infinity and 
periodic fiow lines. Wegner cites [51 Subsection 6.3] for this assumption. In the 
cocompact setting the family can even be chosen to be VCyc. 

That the assumptions of [31 Convention 5.1], which are used implicitly in [31 
Theorem 5.7], are satisfied has already been explained in the proof of Theorem 13. II 

□ 
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Theorem 4.2. The K -theoretic FJC holds for GL„(Z). 

Proof. Theorem 14.11 together with [231 Theorem 1.1] imply that G'L„(Z) satisfies 
the ii'-theoretic FJC with respect to the family 

Using the induction from the proof of Proposition 13.91 the family J-„ can be 
replaced by VCyc. □ 

5. Wreath products and transfer reducibility 

Our main result in this section is the following variation of [4, Theorem 1.1]. 

Theorem 5.1. Let T he a family of subgroups of the group G and let F he a finite 
group. Denote by J^' the family of subgroups H of G I F that contain a subgroup 
of finite index that is isomorphic to a subgroup of HiX . . . xHn for some n and 
Hi, ... , Hn e J-. 

(i) If G is transfer reducible over T , then the wreath product GlF satisfies the 
K-theoretic FJC up to dimension 1 with respect to IF^ and the L-theoretic 
FJC with respect to J-^ ; 

(ii) If G is strongly transfer reducible, then Gl F satisfies the K-theoretic and 
L-theoretic FJC in all dimensions with respect to J-K 

The idea of the proof of this result is very easy. We only need to show that G i F 
is transfer reducible over J^' and apply [H Theorem 1.1]. However, it will be easier 
to verify a slightly weaker condition for G I F. 

Definition 5.2 (Homotopy S'-action; A, Definition 1.4]). Let 5 be a finite subset 
of a group G (containing the identity element e G G). Let X be a space. 

(i) A homotopy S -action {ip, H) on X consists of continuous maps ipg: X ^ X 
for g G S and homotopies Hg ji : X x [0,1] ^ X ioT g, h G S with gh e S 
such that Hgji(—,0) = ipgO ipf^ and Hg^h{—A) = Vgh holds for g,h £ S 
with gh e S. Moreover, it is required that H^.d—jt) ^ ipe ~ idx for all 
t€[0,l]; 

(ii) For g G S let Fg{if, H) be the set of all maps X X oi the form x ^ 
Hr^s{x, t) where t G [0, 1] and r, s G 5 with rs = g; 

(iii) Given a subset A d G x X let (A) d G x X denote the set 

{{ga~\y)\3x€X, a,b e S, feFa{^,H), f<=,Fb{^,H) 

satisfying {g,x) £ A, f{x) = /(y)}. 

Then define inductively 5^,^(A) ^^^^(^^^^^(A)); 

(iv) Let [if, H) be a homotopy S'-action on X and U be an open cover of G x X. 

We say that U is S-long with respect to (ip, H) if for every {g,x) £ G x X 

\s\ 

there is U £U containing S*^ ^((7,x) where \S\ is the cardinality of S. 

We will use the following variant of 0] Definition 1.8]. 

Definition 5.3 (Almost transfer reducible). Let G be a group and be a family 
of subgroups. We will say that G is almost transfer reducible over if there is a 
number N such that for any finite subset S* of G we can find 

(i) a contractible, compact, controlled A^-dominated, metric space X ([31 Def- 
inition 0.2]), equipped with a homotopy S'-action {(p,II) and 

(ii) a G-invariant cover U oi G x X oi dimension at most A^ that is S'-long. 
Moreover we require that for all U € U the subgroup Gu := {g € G \ 
gU = U} belongs to F. (Here we use the G-action on GxA given by 
g ■ {h,x) = {gh,x).) 
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The original definition for transfer reducibility requires in addition tliat gU and 
U are disjoint ii U E U and g ^ Gjj, in otfier words eacli U is required to be an 
J^-subset. One can also drop this condition from the notion of "strongly transfer 
reducible" introduced in [24l Definition 3.1]. A group satisfying this weaker version 
will be called almost strongly transfer reducible. 

The result corresponding to [U Theorem 1.1] (respectively [2H Theorem 1.1]) is 
as follows. 

Proposition 5.4. Let T be a family of subgroups of a group G and let T' be the 
family of subgroups of G that contain a member of T as a finite index subgroup. 

(i) If G is almost transfer reducible over J- , it satisfies the K-theoretic FJC 
up to dimension 1 with respect to T' and the L-theoretic FJC with respect 
to T' . 

(a) If G is almost strongly transfer reducible over it satisfies the K-theoretic 
FJC with respect to T' and the L-theoretic FJC with respect to T' . 



Proof, (i) The proof can be copied almost word for word from the proof of [H 
Theorem 1.1]. The only difference is that we no longer know that the isotropy 
groups of the action of G on the geometric realization E of the nerve of U belong 
to J^, and this action may no longer be cell preserving. But it is still simplicial 
and therefore we just can replace E by its barycentric subdivision by the following 
Lemma 15.61 provided we replace F hy F' . (The precise place where this makes a 
difference is in the proof of [4j Proposition 3.9].) 



(ii) The L-theory part follows from part (i) since almost strongly transfer reducible 



implies almost transfer reducible. 

For the proof of the /^-theory part we have to adapt Wegner's proof of (Ml 
Theorem 1.1]. The necessary changes concern [24l Proposition 3.6] and are similar 
to the changes discussed above, but as Wegner's argument is somewhat differently 
organized we have to be a little more careful. First we observe that for any fixed 
M > the second assertion in 24, Proposition 3.6] can be strengthened to 

(5.5) Mk ■ d],{f{g, x), f{h, y)) < d^,sMAii9, v)) for aU(g, x), {h, y) e GxX. 

To do so we only need to set n := M ■ ANk instead of ANk in the second line of 
Wegner's proof; then k can be replaced by M • in the denominator of the final 
expression on p. 786. (Of course X, A, E and / depend now also on M .) Then 
we can replace E by its barycentric subdivision E'. Using Lemma 15.61 we conclude 
from (|5.5p with sufficiently large M > that 

• d].,{f{g,x),f{h,y)) < ^ for all {g, x), {h,y) G GxX satisfying the inequal- 
ity dM,,s,kMi9, x), {h, y)) < k. 
This assertion still guarantees that the maps (/„) induce a functor as needed on 
the right hand side of the diagram on p. 789 of [24] . With this change Wegner's 



argument proves the iiT-theory part of (ii 



(Alternatively one can strengthen Lemma l5.6l below and check that the ^^-metric 
under barycentric subdivision changes only up to Lipschitz equivalence. Thus [241 
Proposition 3.6] remains in fact true for E'.) □ 

Lemma 5.6. LetG be a group, and let T be the family of subgroups ofG. Let T' be 
the family of subgroups of G that contain a member of as a finite index subgroup. 
Let be a simplicial complex with a simplicial G-action such that the isotropy group 
of each vertex is contained in T . Let E' be the barycentric subdivision. Denote by 
the l^ -metric on E and by rf^, the l^ -metric on E'. 
(i) The group G acts cell preserving on E'. All isotropy groups of Y,' lie in 
T' . In particular E' is a G-CW -complex whose isotropy groups belong to 
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(ii) Given a number e' > and a natural number N , there exists a number e > 
depending only on e' and n such that the following holds: //dim(I]) < N 
and x,?/ £ S satisfy (i^(a;, y) < e, then d^,(x,y) < e'. 



Proof. The elementary proof of assertion (i) is left to the reader. The proof of 
assertion (ii) is an obvious variation of the proof of 4, Lemma 9.4 (ii)]. Namely, 
any simplicial complex can be equipped with the Z^-metric. With those metrics 
the inclusion of a subcomplex is an isometric embedding. Let E be the simplicial 
complex with the same vertices as S, such that any finite subset of the vertices spans 
a simplex. The inclusions i : S ^ S and i' : E' ^ S' are isometric embeddings. 
The images i{x), i{y) of any two points x,y G are contained in a closed simplex of 
dimension at most 2N + 1. Thus it suffices to consider the case where S is replaced 
by the standard (2Af + l)-simplex. A compactness argument gives the result in that 
case. □ 

Remark 5.7. Often the family T is closed under finite overgroups. In this case 
T = T' and it is really easier to work with the weaker notion of almost transfer 
reducible instead of transfer reducible. However, there are situations in which a 
family that is not closed under finite overgroups is important. For example, in [lOj 
the family of virtually cyclic groups of type / is considered. 

Let G be a group and F be finite group. We will think of elements of the F-fold 
product as functions g: F G. For a & F, g ^ G^ we write la{g) G G^ for the 
function h i— >■ g{ba); this defines a left action of F on G^ and the corresponding semi- 
direct product is the wreath product G I F with multiplication gag' a' = gla{g')aa' 
for g, g' G G^ and a, a' £ F. If G acts on a set X, then we obtain an action of 
G I F on . In formulas this action is given by 

ig-x){b) := gib)-x{b); 
(a • x){b) := x{ba), 

and hence 

{ga ■ x){b) = g{b) ■ x{ba) 

for g £ G^ , x £ X^ and a,b £ F. We will sometimes also write la{x) for a ■ x. Let 
now S C G and {ip,H) be a homotopy ^-action on a space X. Set S I F := {sa \ 
s £ , a £ F} C G I F . Then we obtain a homotopy S I F-action {ip, H) on X^ . 
In formulas this is given by 

[•:psa{x)]{b) := (ps(b)(x{ba)); 

[Hsa,s'a'{x,t)]{b) := Hsib),s'(ba){x{baa'),t), 

for t £ [0,1], s,s' £ S^, a,a',b £ F with sas'a' = sla{s')aa' £ S I F. Hence 
{sla{s'){b) — s{b)s'{ba) £ S and the right hand side is defined. It is easy to check 
that if X is a contractible, compact, controlled A^-dominated, metric space, then 
the same is true for X^ provided we replace N hy N ■ \F\. 

Proof of Theorem \5.1\ Let us postpone the "strong" -case until the end of the proof. 
Because of Proposition ISTH it suffices to show that GlF is almost transfer reducible 
over J^K Let 5 be a finite subset G I F. By enlarging it we can assume that 
it has the form S I F ior some finite subset S C G. Pick a finite subset S' C G 
such that S" C S" and |S"| > IS' ; F|. (If G is finite, then G ; F € J^' and there 
is nothing to prove.) As G is transfer reducible and hence in particular almost 
transfer reducible, there is a number A^, (depending only on G, not on S" or 5) a 
compact, contractible, controlled A'-dominated, metric space X, a homotopy S'- 
action {ip, H) on X, and a G-invariant S"-long open cover U of GxX of dimension 
at most A^ such that for aWU £U we have Gjj £ T . As pointed out before, X^ is a 
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compact, contractible, controlled N ■ |F|-doniinated, metric space. For u: F U, 
let := {{g,x) G G^xX^ | {g{b),x{b)) e u{b) for all 6 G F}. We obtain an open 
cover V := \u: F ^U} of G^xX^ of dimension at most (N + 1)1^1 - 1. 
This cover is invariant for the G I i^-action defined by 

[a-{h,x)]{h) := {h{ha),x{ha)), 

for g, e G^, X e and a, 6 € i^. As we have (G^)v'u = Hbgi? ^u{b)i it follows 
that (G ; F)y e J"' for aU y e V. Now we pull back V to a cover U := {p^^{V) \ 
V &V} oiGlFxX^ along the G ; F-equivariant map p: G I FxX^ G^ xX^ , 
{ga, x) I— >■ {g,a ■ x). Here G ? F operates on G I F x X^ via left multiplication on 
the first factor and on G^ x X^ via the operation defined above. 
The definition of the homotopy S I F-action on X^ gives 

F[sa,s'a'{—,t) = -H^s,;„(s')(~J^) ° ^aa' — La' ° -f^/^, _ i (s) _ i (s') (~ ' 

for s,s' G , a, a' E F. For s := s la{s'), a :— aa' we have sa — sas'a' and 
consequently 

(5.8) -F,((^|Gi^,iJ|G^)o/a = /aoF,^_^(,-)(^|GF,i7|G^). 

Let us insert this into the definition of (5 I F)\ ^{hb,x) with h G G^, b G F, 

xex^. 

Pick any {h'b',x') G [S I F)\^ ^{hb,x) with h' e G^, fo' G F. Then there are 

elements s, s' G 5*^, a,a' £ F and / G Fgai'f, H), f <E Fg'a' {0, H) such that 

f{x) = /(a;'), and /i'6' ^ hb{sa)-\s'a' 

Using the first equality in (j5.8p we find / G Fs{ifi\GF , H\gp) such that f ~ f o l^^. 
Using the second equality in (jS.Sp we find /' G Fi^^_-^(^s-){ip\qf , H\qf) such that 
folab-^ = Lb-^ ° /'• Then / o l^-i = Z^f,-i o /'; equivalently l^a-^ ° f = f[° h- 
Similarly, using both equations in (j5.8l) again, we find /' G F;^ _i (s')('^Ig^ i ^Ig^) 

such that /fca-i O / = /' O ka-^a'- 

We claim that a;') belongs to (5^)1, (p(hb,x)). Weha.vep(h'b\x') = 

• a;') and p{hb,x) — {h,b ■ x). From = hb{sa)^^s'a' we conclude /i' = 
hli,a-i{s^^s') and 6' = ba^^a'. Now the equations 

= ka-i{f{x})=lba-^{f{x')) = f{ba-'a'-x') = f{b'x') 

prove our claim. 

Summarizing we have shown that for any A C G ; F x X^ we have 
P((SlF)lH(A))<^iS%^,^^,JpiA)). 
By induction then for all n 

PiiSlF)l^{A))ciS%^^j^^Jp{A)). 

Since the S^-homotopy action on X^ is defined componentwise we have 

Recall the definition of 5' from the beginning of the proof. Since the cover U of 

\s'\ 

GxX is S"-long, there is for each a G F a u{a) G U with {S'y j^{h{a), x{ab)) C u{a). 
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Thus we obtain 

piiSlF)\^;Pihb,x)) C iS%'^lj,^^Jh,b-x)ciY[sl'p{h{alxiab)) 

aeF 

c n ('^(«)' ^(«^)) ^ n = 

So {SlF)^^p{hb,x) C Hence the cover is 5 ; F-long. 

If X is equipped with a strong homotopy action (see [24l Section 2] ) , we obtain 
a strong homotopy action ^ on X^ . In formulas it is given by 

*(ffna„,i„, . . . ,ti,gQaQ,x){b) 

■= '^ignib),tn, gn-i{ban),tn-i, gn-2ibanan~i), ■ ■ ■ , goiba^ ■ ■ .ai),x{ban ■ ■ .ao)) 
for go, . . . ,gn £ , qq, ■ ■ ■ ,an,b £ F,ti, . . . ,tn £ [0,1], x £ X^ . We also have here 

'^{gn.anjtn, ■ ■ ■ ,^1,5000, 

= ^(.9n7 tn, Ian (.9n-l)i tn-1, ^a„a„_i (.9n-2), in-2, • • • , la„...ai (ffo), ~) ° ^a„...ao 
= ^o„...ao O *(^(a„...ao)-iffr!7^n7 ^(a„_i . . .ao) - ^ (Sri- 1 ) , *n- 1 , • • ■ , ^00^(50)7-)- 

For g := g„/a„ (g«-i)'a„a„_i (g«-2) • • ■ L„...ai(go) e G^,a :^ Un ■ . ■ uq £ F,n £ N we 
have = (;„a„(7„_ia„_i . . . gooo and consequently we have analogously to (j5.8p 

F-gai'^, SlF,n)^Fg{^\GF,S^,n)ol-, = l-aO Fi^_^ (g, {Mg- , ,n). 

With this observation the proof can be carried out in exactly the same way as in 
the case of a homotopy action. □ 

Remark 5.9. The proof of Theorem 15.11 given above only uses that G is almost 
(strongly) transfer reducible over F, not that G is (strongly) transfer reducible. 
Consequently, Theorem 15.11 remains true if we replace the assumption "(strongly) 
transfer reducible" by the weaker assumption "almost (strongly) transfer reducible" . 

6. The Farrell- Jones Conjecture with wreath products 

Definition 6.1. A group G is said to satisfy the L-theoretic Farrell- Jones Conjec- 
ture with wreath products with respect to the family T if for any finite group F the 
wreath product GlF satisfies the L-theoretic Farrell- Jones Conjecture with respect 
to the family F (in the sense of Definition 10. 2p . 

If the family F is not mentioned, it is by default the family VCyc of virtually 
cyclic subgroups. 

There are similar versions with wreath products of the iiT-theoretic Farrell- Jones 
Conjecture and the X-theoretic Farrell- Jones Conjecture up to dimension 1. 

The FJC with wreath products has first been used in [15] to deal with finite 
extensions, see also [321 Definition 2.1]. 

Remark 6.2. The inheritance properties of the FJC for direct products, subgroups, 
exact sequences and directed colimits hold also for the FJC with wreath products 
and can be deduced from the corresponding properties of the FJC itself. See for 
example [THJ Lemma 3.2, 3.15, 3.16, Satz 3.5]. 

For a group G and two finite groups Fi and F2 we have {HlFi)lF2 C Hl{FilF2) 
and F1IF2 is finite. In particular, if G satisfies the FJC with wreath products, then 
the same is true for any wreath product G I F with F finite. 

The main advantage of the FJC with wreath products is that in addition it 
passes to overgroups of finite index. Let G' be an overgroup of G of finite index, 
i.e., G C G' , [G' : G] < 00. Let S denote a system of representatives of the cosets 
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G' /G. Then N := Pises sGs^^ is a finite index, normal subgroup of G' . Now G' 
can be embedded in N I G' /N (see jIU Section 2.6], [ISl Section 2]). This implies 
that G' satisfies the FJC with wreath products, because N i G' /N does by the 
inheritance properties discussed before. 

Theorem 6.3. The L-theoretic FJC with wreath products holds for G'L„(Z). 

Proof. We proceed by induction over n. As GLi(Z) is finite, the induction beginning 
is trivial. 

Let be a finite group. Since GLn{lj) is transfer reducible over J>j by Theo- 



rem [3TT] it follows from Theorem 15.11 (i) that GLn{1,) I F satisfies the L-theoretic 



FJC with respect to (J>i)'. It remains to replace {TnY by the family VCyc. By the 
Transitivity Principle 10.51 it suffices to prove the L-theoretic FJC (with respect to 
VCyc) for all groups H € (J'™)'. 

Because the FJC with wreath products passes to products and finite index over- 
groups, see Remark 16.21 it suffices to consider H G Tn- 

Combining the induction assumption for GLk{^)j k < n with the inheritance 
properties for direct products, exact sequences of groups and subgroups (see Yle- 
mark \^7I\ it is easy to reduce the FJC with wreath products for members of Tn to 
the class of virtually poly-cyclic groups. Wreath products of virtually poly-cyclic 
groups with finite groups are again virtually poly-cyclic. Thus the result follows in 
this case from T. □ 

Because for finite F the wreath product GLn{Z) I F can be embedded into 
GLmC^) for some m > n, there is really no difference between the FJC and the FJC 
with wreath products for the collection of groups G'L„(Z), n g N. Nevertheless, as 
discussed in the introduction, for L-theory the induction only works for the FJC 
with wreath products. 

Remark 6.4. We also conclude that a hyperbolic group G satisfies the K- and 
L-theoretic FJC with wreath products. A hyperbolic group is strongly transfer 
reducible over VCyc by |241 Example 3.2] and in particular transfer reducible over 
VCyc. Hence it satisfies the K-theoretic FJC in all dimensions and the L-theoretic 



FJC with respect to the family VCyc by Theorem 15.11 (ii) By the transitivity 
principle 10.51 it suffices to show the FJC for all groups from VCyc' . Since those 
groups are virtually polycyclic the FJC holds for them by [H Theorem 0.1]. 

Notice that a group is hyperbolic if a subgroup of finite index is hyperbolic. 
Nevertheless, it is desirable to have the wreath product version for hyperbolic groups 
also since it inherits to colimits of hyperbolic groups and many constructions of 
groups with exotic properties occur as colimits of hyperbolic groups. 

7. Proof of the General Theorem 

Lemma 7.1. Let R be a ring whose underlying abelian group is finitely generated. 
Then both the K-theoretic and the L-theoretic FJC hold for CL„{R) and SL„{R). 

Proof. Since the FJC passes to subgroups (by [7}) we only need to treat CLn{'^). 
Choose an isomorphism of abelian groups h' : i?" ^ 21^ x T for some natural 
number k and a finite abelian group T . We obtain an injection of groups 

CLn{R) aut7j(i?") A autz(i?") autz(Z'= x T), 

where / is the forgetful map and h comes by conjugation with h' . Since the FJC 
passes to subgroups, it suffices to prove the FJC for autz(Z'° x T). There is an 
obvious exact sequence of groups 

1 ^ homz(Z'', L) ^ autz(Z'= x T) ^ GLfe(Z) x autz(r) ^ 1. 
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Since hoinz(Z'^, T) and autz(T) arc finite and GLfe(Z) satisfies the FJC, Lemma FOI 



Proof of General Theorem. Let G be a group which is commensurable to a sub- 
group H C GLn{R) for some natural number n. We have to show that G satisfies 
the FJC with wreath products. We have explained in Remark [6.2l that the FJC with 
wreath products passes to overgroups of finite index and all subgroups. Therefore 
it suffices to show that the FJC with wreath products holds for GLn{R). 

Consider a finite group H. Let Rl H he the twisted group ring of H with 
coefficients in R where the 7J-action on R is given by permuting the factors. 
Since R is finitely generated as abelian group by assumption, the same is true for 
R I H. Hence GLn{R I H) satisfies the FJC by Lemma [711 

There is an obvious injective group homomorphism GLn{R) I H = GLn{R)^ >^ 
H — > GLn{R I H). It extends the obvious group monomorphism GLn{R)^ = 
GK{R") GlJ{R I H) via H ->■ GLn{R lH),h^h- /„. Since the FJC passes 
to subgroups it holds for GLn{R) I H. 
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